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EXISTENCE OF THE GLOBAL ATTRACTOR FOR THE PLATE EQUATION 
WITH NONLOCAL NONLINEARITY IN R" 

AZER KHANMAMEDOV AND SEMA SIMSEK 


Abstract. We consider Cauchy problem for the semilinear plate equation with nonlocal nonlin¬ 
earity. Under mild conditions on the damping coefficient, we prove that the semigroup generated 
by this problem possesses a global attractor. 


1. Introduction 

In this paper, we study the long-time behavior of the solutions for the following plate equation 
with localized damping and nonlocal nonlinearity in terms of global attractors: 

utt + -I- a{x)ut + Xu + /(||u(t)||^p(R„)) \u\^~^ u = h{x) , (t,x) e (0,oo) x R”. (1.1) 

Plate equations have been investigated for many years due to their importance in some physical 
areas such as vibration and elasticity theories of solid mechanics. For instance, in the case when 
/(•) is identically constant, equation (1.1) becomes an equation with local polynomial nonlinearity 
which arises in aeroelasticity modeling (see, for example, [7], [8]), whereas in the case when p = 2, 
the nonlinearity /(HuH^p^gn^) u appears in the models of Kerr-like medium (see [15], [21]). 

The study of the long-time dynamics of evolution equations has become an outstanding area 
during the recent decades. As it is well known, the attractors can be used as a tool to describe 
the long-time dynamics of these equations. In particular, there have been many works on the 
investigation of the attractors for the plate equations over the last few years. For the attractors 
of the plate equations with local and nonlocal nonlinearities in bounded domains, we refer to [3], 
[5], [14], [16-19] and [22]. In the case of unbounded domains, owing to the lack of Sobolev compact 
embedding theorems, there are difficulties in applying the methods given for bounded domains. In 
order to overcome these difficulties, the authors of [9-10], [13] and [23] established the uniform tail 
estimates for the plate equations with local nonlinearities and then used the weak continuity of the 
nonlinear source operators. 

In the case when the domain is unbounded and the equation includes nonlocal nonlinearity, an 
additional obstacle occurs. For equation (1.1), this obstacle is caused by the operator defined by 
F [u) •— /(llull^p^jjnj) M , because the operator F, besides being not compact, is not also 
weakly continuous from (R”) to L? (R"). This situation does not allow us to apply the standard 
splitting method and the energy method devised in [2]. Recently in [1], the obstacle mentioned 
above is handled for the nonlinearity /(]] Vujj^ 2 (Rn))AM by using compensated compactness method 
introduced in [11]. In that paper, the strictly positivity condition on the damping coefficient a (•) 
is critically used. In the present paper, we replace this condition with the weaker conditions (see 
(2.3), (2.4)), and by using effectiveness of the dissipation for large enough x, we prove the existence 
of the global attractor which equals the unstable manifold of the set of stationary points. 

The paper is organized as follows: In Section 2, we give the statement of the problem and the 
main result. In Section 3, we firstly prove two auxiliary lemmas and then establish the asymptotic 
compactness of the solution, which together with the presence of the strict Lyapunov function leads 
to the existence of the global attractor. 
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2. Statement of the problem and the main result 
We consider the following initial value problem 

utt + + a{x)ut + Au + /(||u (t)||2,P(Rn)) u = h{x), {t,x) G (0,oo) x R", (2.1) 

u{0,x) = uo{x), Ut{0,x) = ui{x), a; G K", (2-2) 

where A > 0, G (M”) ,p> 2, p (n — 4) < 2n —4 and the functions a (•), / (•) satisfy the following 

conditions: 

a G L“(R"), «(•) > 0 a.e. in M", (2.3) 

«(•) > ao > 0 a.e. in {a; G R" : |a;| > ro}, for some ro, (2.4) 

/gC'1(R+), f{-)>0. (2.5) 


Applying the semigroup theory (see [4, p.56-58]) and repeating the arguments done in the intro¬ 
duction of [ 1 ], one can prove the following well-posedness result. 

Theorem 2.1. Assume that the conditions (2.3)-(2.5) hold. Then for every T > 0 and (uo,ui) G 
(R”) X (R”), problem (2.1)-(2.2) has a unique weak solution u G C ([0,T];i7^ (R")) fl 
([0, Tj; (R")) which satisfies the energy equality 

t 

E^n iu{t)) + -F (\\u{t)\\^^p(jg,„^'^ - J h{x)u{t,x)dx + j J a{x)\ut {T,x)f dxdr 

s 

= {u{s)) -\--F (^\\u{s)\\^^p^^r^)^ — J h{x)u{s,x) dx, \/t>s>0, (2.6) 

z 

where F (z) = J f (•^) ds, for all z G R"*" andE^ {u{t)) = 5 / (|ut {t, a;)|^-|-|AM {t, x)|^-|-A |u {t, x)\'^)dx, 
0 n 

for subset fl C R". Moreover, if (uo,ui) G (R”) x (R”), then u G C ([0,Tj; (R”)) fl 
([ 0 ,T];ij 2 (M")). 

In addition, if v,w G C ([0, T]; (R")) fl ([0, Tj; (R")) are the weak solutions to (2.1)- 

(2.2) with initial data (vo,vi) G (R”) x (R") and {wo,wi) G (R") x (R"), then 

||u(t) -U;(t)||^ 2 (Rn) -h ||Tt(i) - Wt( 0 llL 2 (Rn) 

< c(r,r) (||uo - wo|Ih 2 (r„) -h ||ui - wr|lL 2 (R„)) , Vt G [0,T], 
where c : i?+ x i?_|_ —>■ i?_|_ is a nondecreasing function with respect to each variable and r = 
max|||(vo,ui)|| H 2 (Rn)xL 2 (Rn) , ll(^ao,^Pr)|| H 2 (R»i)xL 2 (Rn)|- 

Thus, according to Theorem 2.1, by the formula {u{t),ut{t)) = S {t) {uo,ui), problem (2.1)-(2.2) 
generates a strongly continuous semigroup {S (t)}i>o in (R”) x (R"), where u{t, •) is the weak 
solution of (2.1)-(2.2), determined by Theorem 2.1, with initial data (uojUi). 

Now, we are in a position to state our main result. 

Theorem 2.2. Under the conditions (2.3)-(2.5), the semigroup {S' (t)}t>o generated by the problem 
(2.1)-(2.2) possesses a global attractor A in (R”) x (R”) and A = (Af). Here (Af) is 

unstable manifold emanating from the set of stationary points Af (for definition, see [6, p.359]). 

Remark 2.1. We note that by using the method of this paper, one can prove the existence of the 
global attractors for the initial boundary value problems 

{ Uitt + (-A)*Ui -F a{x)uit + Xui + f{\\ui (t)||ip(R„)) 

■Ui(0, x) = uotlx), Uit{0, x) = uifix). 


Ui = h (x), (t, x) G (0, 00 ) X fl, 

(A x) G (0, 00 ) X 9fl, 
a; G fl, 
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where VL C M" is an unbounded domain with smooth boundary, v is outer unit normal vector, A > 0, 
h € (ri), Pi > 2, Pi (n — 2i) < 2n — 2i, i = 1, 2, the function /(•) satisfies the condition (2.5) and 

the damping coefficient «(•) satisfies the following conditions 

a € «(•) > 0, a.e. in ft, 

ct (•) > Go > 0; fl-e. in uj, for some uj C il, such that 
uj is the union of a neighbourhood of the boundary dfl and {cc G 17 : |x| > tq}, for some tq. 

3. Proof of Theorem 2.2 
We start with the following lemmas. 

Lemma 3.1. Assume that the condition (2.5) holds. Also, assume that the sequence {vm}m=i 
weakly star convergent in L°° (O, oo; (R")); the sequence {vmt}^- is bounded in L°° (O, oo; (R")) 

and the sequence < \\vm (OIIlpib") f convergent, for all t>0. Then, for all r > 0 

I ^ J m —1 

t 

limSUp J j T (^f (\\Vjn{T)\\^p(j^n~^^\Vjn{T,x)f~‘^Vjn{T,x) 

0 B(0,r) 

-/ (ik; ('r)llLP(Rn)) \vi{T,x)\^~'^vi{T,x)j {vmt (t, x) - vu {t, x)) dxdx =0, Vt > 0, 


-/ [hi ('r)||ip(R„)j \viiT,x)\^ Vi\ 
where B {0,r) = {x £ R" : \x\ < r}. 

TO_r o.T _ / /(«)> 


Proof. Denote fe (u) = 


/(e), 0 < u < e, 


for e > 0. Then, we have 


/ (ikm - fe (ikm (t)|| ip(R„)) < Q^^ax^^ \f (si) - / (sa)! , 


and consequently 


(/(lkm(T)||iP(R„)) \Vm{T,x)f %m(T, x) - / (||u/ (t) ||iP(R„)) \vi{t,x)\^ (t, x)) 


0 B(0,p) 


X {vmt (t, x) - Vit (t, x)) dxdrl 


p B(O.r) 


[fe (l|Um(r)||iP(R„)) \v^{T,x)f %m(T,x) - fe (ll^i (t) || ip(R„)) |x/(t,x)|^ %/(t,x)) 

X {vmtiT,x) - Vit {t,x)) dxdrl + c t max |/(si) - / (s2)|, Vt > 0 . ( 3 . 1 ) 

0<Si,S2<£ 


Let us estimate the first term on the right hand side of (3.1). 


(a (lkm(r)||ip(R„)) \Vm{T,x)f’ %m(T, x) - /^ (||x/ (t) ||iP(R„)) \vi{T,x)f’ %i(T,x)) 


0 B(0,r) 


X {vmt (t, x) - Vit (r, x)) dxdr 


I 

j rfe (\\Vm{T)hp(^n)"^ j \Vm{T,x)f~'^ Vm{T,x)Vmt{T,x)dxdT 


t 

+ J rfe [\\vi{T)\\^p(^p[j j \vi{T,x)f~^ Vl{T,x)vit{T,x)dxdT 
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-y" 

0 

t 


/e (||Wm (T)llip(Rn)) j \Vm{T,x)f '^Vm{T,x)vit{T,x)dxdT 


B(0,r) 


- y t/e (T)lliP(Rn)) J \vi{T,x)f vi{T,x)v^t{T,x)dxdT. (3.2) 


0 B(0,r) 

For the first two terms on the right hand side of (3.2), we have 

i 


j Tfe (\\Vm{T)\\^p(^n~^'j J \Vm {t, x)f ^ V^ir, x)Vmt {t, x) dxdx 


B{0,r) 


I 

+ y t/e ('r)llLP(R")) y \vi{T,x)f~^ Vl{T,x)vit{T,x)dxdT 


B{0,r) 


~ (ikm (OllLP(Rn)) Ikm (^)llLP(B(0,r)) (0IIlp(R")) (0II LP(B(0,r)) 

t t 

y fs (||Wm ('r)||^p(R„)^ \\Vm ('’■)llLP(B(0,r)) ~ p j (’’’) IIlp(R")) 

0 

'dt (ll^™ ('^)IIlp(R"))) ll^m ('^)lll,P(B(0,r)) 


Ik/ WllLP(iJ(0.p))'^'^ 


-1 [J 

P J 

0 


P J dt 


^ (/e (ik/ (T)lkp(R„))) Ik/ Wllip(B(0.r)) 


Since the sequence |||um (0llLP(Rn)| is convergent, by continuity of /g, it follows that the se¬ 
quence |/g ^Ikm (OllLP(Rn)) I s-lso converges for all t G [0,oo). Moreover, by the conditions 
of the lemma and the definition of /g, we obtain that the sequence |/g (•)llLP(Rn)) | is 

bounded in bF^’“(0,oo). So, the sequence |/g ^Ik™ (■)llLP(Rn)) | converges weakly star in 
(0, oo) and we have 

fs (ikm (•)llLP(Rn)) Q weakly star in (0,cx)), 

Vm ^ V weakly star in L°° (O, oo; (M”)) , 

Vmt —t vt weakly star in L°° (O, oo; L"^ (R”)) , 

for some Q G (0, oo) and u G L°° (O, oo; (M”)) n VFi’“ (O, oo; ^ Applying Aubin- 

Lions-Simon lemma (see [20]), by (3.3)2-(3.3)3, we find 

Umu strongly in C'([0,T] ;L‘^ (B (0,r))), VT > 0, (3.4) 

where q < , . Then, considering (3.3) and (3.4), we get 

{n 4j 

t 

Ji^ / r/g (t)||^p(r„)^ / \Vm{T,x)f~^ VmiT,x)VmtiT,x)dxdT 

0 B(0,r) 

t 

+ y T/g (||ui (t)||^p(r„)) y \vi{T,x)f’~‘^ Vl{T,x)vit{T,x)dxdT 


0 


B(0,r) 
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z 

= ‘^tQ WlkWllLP(iJ(o.r)) - ^ J Qi^)\\^i'^)\\lpiBiO,r))dT 


t 


For the last two terms on the right hand side of (3.2), by using (3.3), we have 


Z 

lim lim / r/^ (||nm (t)| 
m—yoo 1^00 J \ 

0 

t 

+ lim lim / Tfe{\\vi (t) 

m—^oo l—^oo J \ 


LP(R^) 


J \Vm{T,x)f Vm{T,x)vit{T,x)dxdT 


B{0,r) 


\vi{T,x)f Vl{T,x)Vmt{T,x)dxdT 


B(0,r) 


z 

= 2 / tQ (t) / |ti(T, a;)|^ v{T,x)vt {t,x) dxdr 

0 B{0,r) 

t 

= hQ (i)lk(i)llL(B(0.r)) - ^ J Qi^)hi^)\\lpiBiO,r))dT 


0 


p / '^^(‘5(r))||f (r)||^p(B(0 ,,))dT. 
0 


Hence, taking into account (3.5)-(3.6) and passing to limit in (3.2), we obtain 


t 


0 B{0,r) 


- fs (ik/ ('r)llLP(Rn)) \vi{t,x)\^ ‘^vi{t,x) {Vmt {t,x) - Vit {t,x)) dxdr = 0. 
Then, by (3.1) and (3.7), for all r > 0, we have 


lim sup lim sup 

m—>-oo l—^oo 


"t/ (llVm(T)lliP(Rn)) \v„,{t,x)\^ ^Vm{T,x) 


0 B(0,r) 


(3.5) 


(3.6) 


(3.7) 


-/('r)llLP(R")) k/('r,a;)|^ ^ vi(t,x) (v^t (t,x) - vu (t,x)) dxdr 
< c t max |/(si) - /(s 2 )|, Vt > 0. 

0 <Si,S 2 <£ 

Thus, passing to the limit in the above inequality as £ —>■ 0, we obtain the claim of the lemma. □ 

Lemma 3.2. Assume that in addition to the conditions of Lemma 3.1, conditions (2.3) and (2.4) 
also hold. Then, for every 7 > 0 there exists c-y > 0 such that 

t 


0 R" 


//(11^'Mlli'>(Rn)) ki(T,a;)|P ^ni(T,a;)-/(|ln™(T)||^p(R„)) \v^{T,x)f ‘^Vm{T,x)^ 

X (vmt (t, x) - Vit (r, a;)) dxdr 

t t 

<1 j TT^R"\(B(0.r)) (Wm {t) “ Vl (t)) dx + j FlRn\(B(0,r)) {Vm (t) - Vl (t)) dv 


0 


0 
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T 

+C7 j ('r)||i2(R„) + \\\/avit (T)||i2(R„)) E^^\B{o,r) (Vm (t) - vi {t)) dr 

0 

Vi > 0, Vr > ro, 

where G C [0,t], snp\\K^’'-\\, ,< 00 and lim lim sup \ K^’’-{t)\ = 0, for all t > 0. 

^ I m-s-oo 


Proof. Firstly, we have 


r U 1 l|Wi lrj||^p(R, 


( 7 ‘)IIlp(R’»'I I 1 '^™ 


{T,x)f ^Vm(T,x)"j 


0 


) h(T,x)l^~^Vl(T,x) - 

X (vmt (t, x) - vit (r, a;)) dxdr 

MIIlp(R")) \viiT,x)f~‘^ Vi{t,x) - f (T)||ip(R„)) \v„,{T,x)f’~^ Vm{T,x)^ 


0 R"\B(0,r) 

where 


K. 


X {vmt (r, x) - Vit (r, a;)) dxdr + Vr > 0, 

t 

Pr(t)-=J J T^f {\\vi{r)\\LP(R«))\vi{T,x)\^~^Vl{T,x) 


(3.8) 


0 B{0,r) 


ll^'m ('^)IIlp(R-)) \VmiT,x)f’ ‘^VmiT,x)^ {Vmt (t, x) - Vu (t, x)) dxdx, 
and by Lemma 3.1, it follows that 


sup 

m.l 


Kf 


m,l 


< oo and lim lim sup 

0(0,4] m-s-oo 


Krit) 


= 0, Vi > 0. 


On the other hand, for the hrst term on the right hand side of (3.8), we get 


0 R"\B(0,r) 


(/ WIIlp(R")) VliT,x) - f (\\v,n{T)\\^p(j^„)^ \v^{t,x)\^ '^Vm{T,x)^ 

X {vmt (t, x) - Vit (t, a;)) dxdr 


(P- 1) 


4 ^ 

J Tf (\\Vm{T)\\^p(j^„^^ J \Vm{T,x)+a{vi{T,x)-Vm{T,x))f’~‘^ da 


R"\B(0,r) 

^ ^ 1^™ (t, x) - Vi (t, a;) dxdr + K^;’’ (i), 


(3.9) 


where 


K^r\t) ■= J ^ {-f (ll^' WIIlp(R")) - / MIIlp(R»))) j 

0 R"\B(0,r) 

X (vmt (t, a;) - Vit (r, a;)) dxdr. 

By the conditions of the lemma, we find 


\vi{T,x)f '^Vi{t,x) 


sup 

m,l 




< oo and lim lim sup 

0(0,4] TO-s-oo 


KT;‘ (i) 


= 0, Vi > 0. 


So, denoting (t) := (t) + (t), by (3.8) and (3.9), we have 

t 

j J MIIbp(R»)) \vi{T,x)f~'^Vl{T,x) - f (llu™ (T)||ip(R„)) \v^ {t, x)\^~'^ Vm{T, x)^ 


0 E^ 
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X {Vmt (t, x) - Vit (r, x)) dxdr 


(P- 1) 


Tt \\Vm T 


m ('r)llLP(R")) J \Vm{T,x)+a{vi{T,x)-Vm{T,x))f’ da 


R"\B(0,r) 


X ^ (t, x) - Vi (r, x)f' dxdr + (t). 

dr 

Now, let us estimate the first term on the right hand side of (3.10). Denote tpM (u) = 


(3.10) 


u, |u| < M, 
M, |m| > M, 


and ihe (m) = 


^ |u| < e, 

l»rL \u\>e ■ Then, we get 


Ikm ('/’)!Ilp(R") ll'dM ("Cm (t))||j;^p(-j|„) <2 

f 7 e ^ 

/ |xr„(r,x)| dx 




/ 


< 


M/5 


2 p+g 


|u„(r,x)| dx < ^ ||u(T)||jj 2 (Rn 


\^x^R^:\vm{T,x)\>M} 

where /3 G ^0, . Also, it is clear that 


|w|^ ^ - The (w) < W (e), 


(3.11) 


(3.12) 


where ui (e) = 


eP- 2 , p> 2 , 

0 , p = 2 ■ 

By (3.11) and (3.12), it is easy to see that 

i 


y t/ (ikm (T)||iP(jj„)) j J \Vm{T,x)+a{vi{T,x)-Vm{T,x))\^ "^da 


R"\B(0,r) 

X-^ \vm {t,x) - Vi {t,x)\'^ dxdr 
dr 


>Jrf, 

0 


Vm ( t ) 


.) / 1 : 

Rp\B(0,p) 


^*6 {vm (r, x) + a {vi (r, x) - Vm (r, x))) da 


X-^ \vm (r, x) - V/ (t,x)|^ dxdr 
ar 


~ (o<™^s 2 <£ ~ ^ (5^™ (t) - VI (r)) dr, (3.13) 


where /e (•) is as in Lemma 3.1. 

Now, let us estimate the first term on the right hand side of (3.13). 

t 


y T/e (||(/?M (iTm (t))||^p(r„)) J 'Se {t, x) + a {vi {t, x) - v„^ {t, x))) da 


R"\B(0,r) 

X-^ \vm (r, x) - Vi (r,x)|^dxdT 
dr 


>- fe 


Vm (T 


-) / i‘ 

R"\B(0,r) 


^*6 (Wm (r, x) + cr (x/ (r, x) - Vm {t, x))) da 


X \vm (r, x) - VI (r, x) | dxdr 
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y('^))II lp(K"))) / / '^e{Vm{T,x) + a{vi{T,x)-V^{T,x)))da 

0 R"\B(0,r) 

X \vm {t,x) - vi {t,x)\^ dxdT 

d 

/o 


- / Tfe 


('r))llLP(R»)) j j -^i'i'siVm{T,x) + a {vi{t,x) - VmiT,x))))da 


R’*\B(0,r) 

X \vm {t,x) - VI {t,x)\'^ dxdr. 


(3.14) 


Since 


dr 


Vm T 


f'e 


Vm [T 


{IPM {Vm {T,x))f ^ Lp'm {Vm {T,x))Vmt {T,x)dx 


IIV^M {Vm ('r))|lip(Rn) 

( 


< 


C2 


- gp-1 


J \Vm{T,x)f ^ \Vmt{T,x)\dx + ^ J \Vmt{T,x)\dx 

3(0,ro) B(0,ro) 

^ (''’)llL2(Rn\B(o,ro)) + MP ^ \\Vmt (3") llz,! (B(0,ro))) 


and 


eP 

d 


J J -^{'^s{vi{t,x) + a{vm{T,x) - Vl{T,x))))da\VmiT,x) - Vl{T,x)f dx 
-) ° 

J J 'S'^{vi{T,x) + a{vm{T,x)-vi{T,x)))da\vmiT,x)-vi{T,x)f dx 


R'“\B(0,r) 

< 


R"\B(0,r) 


X (3‘)|lL2(Rny5(Q ,,)) + ||uit (3") |lL2(RnyB(0,r))) 

- £max{0.3-p} ('^) II H2(Rn\B(o,p)) 

X (^\\vmt (3‘)llL2(Rny5(Q ,,)) + ||uii ('r)|lL2(Rn\3(g 


by (3.14), we find 


I ^ 

y^/e (ll<PM(Wm(r))||ip(R„)) y T,x) + a (vm (r, x) - Vi (r, x))) da 

0 R"\B(0,r) 

x-^ \vm {t,x) - vi (r,x)|^ dxdr 

dr 

t 

> -C5 y i^R"\B(0,r) {Vm (t) - Vl (t)) dx 


C5 


eP- 


— 1 


Ti?Rn\B(0,r) {Vm (t) W; (t)) ||fmt (t”) |lB2(Rny5(Q 


C^MP~^ f 

- ^p_l / T^^R’*\B(0.r) (Vm (t) - W; (r))||?;„,t W II Li (B(O.ro)) 
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<{ 0 , 3 -p} /(Wm (t) Vi (t)) ('^) llL2(Rny5(g ,,)) + \\vit ('^) llL 2 (Rnys(Q dr. 


£max{0 

After applying Young inequality in the above inequality, we get 


y "r/e (lIv^M (Wm (r))||^p(jj„)) j j 'l!e{vi{T,x) + a{v^{T,x)-vi{T,x)))da 


R"\B(0,r) 

\vm {t,x) - VI {T,x)f dxdr 
dr 


Z I 

> -C5 j £^R**\B(0.r) {Vm (t) - Vl (t)) dx - J T£^R»\B(0,r) (Vni (t) - Vl (t)) dx 


C5 




tE] 


'R’*\B(0,r) (Vm (t) Vl (t)) \\Vmt (b)!!L 2 (Rny 3 (Q dx 


d J TE^n\B{ 0 ,r) {Vm (x) - Vl (t)) dx 


c^MP-^ 
- 1„2 




T£^R»\B(0.r) (Vm (t) - Vl (t)) \\Vmt W || (b(o.po)) dx 

J 

0 

t 

gmaxSs-p} ^ / ^^R"\B(0.r) (t) - (t)) dx 


- gmax{o'!3-p}^2 / M) 

0 

X ('^)llL2(jjny5(g_p)) + ||uit ('^)llL2(Rny5(0,r))) 

By (3.13) and (3.15), we obtain 

t ^ 

/ "t/( ikm (T)||iP(jj„)) / / |z;r„(T,x) + (T(w/(r,a;)-i;,„(T,a:))|^"^fi(T 

0 R"\B(0,r) ° 

X-^ |vm (r, cc) - V/ {x,x)f dxdx 
dx 

t 

> -C6 J Es,n\B(0,r) {Vm (t) - Vl (x)) dx 
0 

/ n \ j; t \ j; t w MP~^ 

-« (^TIT + 1/ (»■)-/ (»^)l + —K 

t 

+ J '^■^R"\s(0.r) (vm (t) - (t)) dr 

0 

t 

“*^6 + g.max{0,3-p}^2^ J TE^n\B{ 0 ,r) (Vm (t) - f/ (t)) 

0 

X ^llUmi ('’■)llB2(Rny5(Q_Pp)) + ||ri( (r) |1^2(RnyB(0_pQ)) ^ dx 


(3.15) 
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t 

MP-'^ f 2 

- J 'P^^^\B{0,r){Vm{T)-Vl{T))\\v^t{T)\\Li(BiO,ro))dr, Vr>ro. (3.16) 


To complete the proof, let us estimate the term \\vmt (''')IIli(b(o ro))' conditions of the lemma, 

we have 

2 


/ 


\\Vmt ('^)llLi(B(0,ro)) “ 

/ 


\Vrat {T,x)\dx 


\S(0,ro) 

a {x) + A 


\B{0,ro) 


; (x) + A 


kmt (t,x)| dx 


< 


/ 

y B(0,ro, 


a (x) \vmt (r, x)| dx + 


A 


-B(0,ro) 


a (x) + A 


\Vrat (t,x)| dx 


<^ja{x)\v^t{T,x)\^dx + cy J dx, VA > 0. (3.17) 


B{0,ro) 


Since, by Lebesgue dominated convergence theorem, lim;),_>o+ / ( a(aO+A ) dx = 0, we can choose 

B{0,ro) ^ ^ 

positive parameters £, M, /r and A such that 

/ /X ^ MP~^ 

Cel -rH-—r+ max 1/(si) — / (s 2 )| H- 

£max{0.3-p} 0<si,S2<e £^“1 


1 , A f / A A , 

B{0,ro) 

Thus, by (3.10), (3.16) and (3.17), the proof of the lemma is complete. □ 

Now, we prove the following theorem on the asymptotic compactness of {>S'(t)}(>Q in (K.") x 
(R"), which plays a key role in the existence of the global attractor. 

Theorem 3.1. Assume that the eonditions (2.3)-(2.5) hold and B is a bounded subset of (R”) x 
Lf (R"). Then for every sequence of the form {S{tk)^k}^^i , where {(/?fc}^i C B, tk ^ oo, has a 
convergent subsequence in (R") x L'^ (R"). 

Proof. To get the claim of the theorem, it is sufficient to prove the following sequential limit estimate 

liininf li^nf ||5'(4) (/?fc - S'(tm) V5m||/i-2(R„)xL2(Rn) =0, (3.18) 

for every C B and tk —>■ oo. Indeed, establishing (3.18) and using the argument at the end 

of the proof of [12, Lemma 3.4], we obtain the desired result. 

Now, by (2.3), (2.5) and (2.6), we have 

supsup IIS' (t) 7’llff2(Rn)xL2(Rn) < OO . (3.19) 

t>0(pGB 

Since is bounded in (R”) x (R"), by (3.19), the sequence {S (Od’fcl^i is bounded 

in Cb (0,oo;id^ (R") x (R")), where Cb (O, oo;id^ (R") x (R")) is the space of continuously 
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bounded functions from [0, oo) to (R") x (R"). Then for any Tq > 0 there exists a subsequence 
such that tk^ > To, and 


Vm ^ V weakly star in L°° (O, oo; H'^ (R”)) , 
Vmt —>■ vt weakly star in L°° (O, oo; (R”)) , 


IIP 


t^lllLP(Rn) Q {t) weakly star in W^’°° (0, oo), 
Vm (t) —>■ V (t) weakly in (R”), Vt > 0, 


(3.20) 


for some <7 G W^’°° (0,oo) andv G L°° (0,oo;iV^ (R”))nfT^’°° (O, oo;L^ (R")), where {vm{t) ,Vmt (t)) = 
Sit + tk^ -To)(pk„,- By (2.1), we also have 

Vmttit,x) - Vltt{t,x) + {Vm{t,x) - Vl{t,x)) + a{x) {Vmtit,x) - Vlt{t,x)) + A {Vra{t,x) - Vl{t,x)) 

= fihl (OllLP(Rn))) \vi{t,x)f~‘^ Vl{t,x) - f{\\Vm (i)llLP(Rn)) \Vm{t, x)\^~‘^ Vm{t, x). (3.21) 

We obtain (3.18) by means of the sequential limit estimate of the energy of Vm — vi which is 
proved in the following three steps. In the first step, we get the tail estimates, by using the effect 
of the damping term. In the second step, we obtain the interior estimates. Finally, in the last step, 
we get the sequential limit estimate of the energy in R", by considering the results obtained in the 
previous steps. Note that we establish these estimates for the smooth solutions of (2.1)-(2.2) with 
the initial data in (R") x (R"), for which the estimates in the following text are justified. 
These estimates can be extended to the weak solutions with the initial data in (R") x (R") 
by the standard density arguments. 

Step 1 (Tail estimates): Taking into account (2.3), (2.4), (2.5) and (2.6) we get 


J lkmt(t)||j;,2(Rny5(0^ro)) 

0 

Now, putting Vm instead of v in (2.1), we have 

Vmttit, x) + A'^Vmit, x) + a{x)Vmt{t, x) + \Vm{t, x) 
+ /(l|l^m(t)|| iP(Rp)) x)\^ Vm{t, x) = h (x) . 


(3.22) 


Let r] G C° 


’■), 0 < ? 7 (x) < 1, r){x) = 


0, |x| < 1 
1, |x| > 2 


and rir{x) = 17 (f). Multiplying above 


equation by rj'^Vm and integrating over (0,T) x R”, we get 


1 

J (\\VrAVm{t)\\j^2(^n-^ + IIVp'am(^)|li2(Rn)^ dt 
0 

= J \\'nrVmt{t)\\l 2 (^n)dt - ij r]'^ {x)Vmt{t,x)Vm{t,x)dj 

0 V" 

n ^ 

y?7r(a;)l7xi AVmit,x)VmXiit,x)dxdt - J J A{r]l{x)) AVm{t,x)Vm{t,x)dxdt 


0 R" 



ril{x)a{x){vm{t,x)) dx 


1 1 
- j /(Ikm(t)llLP(Rr.)) J \vm{t,x)f ri'^ {x)dxdt + J J h{x)ril{x) Vm {t,x)dxdt. 


0 
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Taking into account (2.3), (2.5), (3.19) and (3.22) we obtain 


1 

I (l|A(u™(t))|| L2(R"\B(0,2r)) + \\Vm{t)\\ 

L2(R»\B(o,2r))) 


< 02(^1 + ^ +T ||/i|| > VT > 0 and Vr > tq. 

Step 2 (Interior estimates): Multiplying (3.21) by Y^^=i (1 ~ ’Izr) {vm — vi)^- 

+5 (n — 1) (1 — r] 2 r) {vm — vi), and integrating over (0,T) x M”, we find 

T T 


2 I (^))llL2(B(o,2r)) 2 J i^)\\L^{B{0,2r)) 



0 

0 



' r \ 

< 

^ 

/ (1 - mr (x)) Xi {Vm{T, x) - Vl{T, x))^. {Vmt{T, x) - Vj* (T, x)) dx 


VB(0,4r) / 



( f \ 

+ 


/ (1 - r]2r (x)) Xj (Vm(0,x) - V/(0,x))^. (Vmt(0,x) - Vtt(0,x)) dx 



\B(0,4r) / 



1 ) 


(1 - r] 2 r (a;)) {Vrat{T,x) - Vlt{T,x)) {vm{T,x) - vi{T,x))dx 


p(0,4r) 


(3.23) 


+ 2(-l) 


p(0,4r) 


(1 - mr (x)) {Vmt{0,x) - VltiO,x)) {Vm{0,x) - Vl{0,x))dx 


T 



0 B(0,4r)\B(0,2r) 


T 



0 B(0,4r)\B(0,2r) 


vit {t, x))^ dxdt 


Avi {t, x))^ dxdt 


+ 


A ((1 - ri 2 r (x))x,) (vm (t, x) - vi {t,x)) A {vm {t,x) - vi (t,x)) dxdt 


0 B(0,4r) 


T 



0 B(0,4r)\B(0,2r) 


(^>a;))^.^. A(u^ (t,x) 


vi {t, x)) dxdt 


+ T;in-1) 


A ((1 - ? 72 r (x))) {Vm {t, x) - Vl {t, x)) A (Vm (t, x) - U/ (t, x)) dxdt 


0 B(0.4r)\B(0,2r) 


T 



0 B(0.4r)\B(0,2r) 



A {Vm {t,x) 


Vl {t, x)) dxdt 
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+ 


^ J y (1 - ri 2 r {x)) Xi (Vm {t, x) - vi {t, x))^. a (x) (Vmt {t, x) - vu {t, x)) dxdt 

0 B(0,4r) 




1 

J J il-ri 2 r{x)){vmit,x)-vi{t,x))a{x){vmt{t,x)-vit{t,x))dxdt 


+\ 


E 




0 S(0,4r) 
T 

f I 

0 B(0,4r) 


(1 - r]2r (x)) Xi {vm (t, x) - Vi {t, x)) {v^ (t, x) - Vi {t, x)) dxdt 


E n 


(1 - r] 2 r (x)) Xi {Vra (t, x) - Vl {t, x))^ 


0 B(0,4r) 


X (/(Ikm (OIIlp(r-)) Vm{t,x) - f{\\vi {t)\\^PUg.^-^)\vi{t,x)f ‘^viit,x)jdxdt 




1 

J J {l-ri 2 r{x)) {Vm {t, x) - Vl {t, x)) 


0 B(0,4r) 


X (/(l|vm (OIIlp(rp)) Vm{t,x) - f{\\vi {t)\\^p(j^r.))\vi{t,x)f ‘^viit,x)jdxdt 

< c^r ^11 Vvm (T) — Vv; (T')lli 2 ('^(Q 4 ^)) + II Vvm ( 0 ) — Vll; ( 0 )|| i 2 ( 3 ('Q 4 ^))^ 

C 3 ||Wmt — ■^It|lL2(0,T;L2(B(o,4r)\B(0,2r))) + ^3 ||Vm — II L 2 (o_7’;H2 (B(o 4 r)\B( 0 , 2 r))) 

+ C^r\/T ||Vfm ~ Vf/lli 2 ((Q'ji)xB( 0 , 4 r)) ’ (3.24) 

since, by (2.5) and (3.19), 


f{\\Vmit)\\LP(Rn)) - f{\\vi (i)llLP(Rp)) k;(0r 


P-2, 


L^{B{0,4r)) 


< C. 


Since the sequence {vm}m=i i® bounded in C ([0, T ]; (R”)) and the sequence i® bounded 

in C ([0, T \; (R”)), by the generalized Arzela-Ascoli theorem, the sequence {vm}m=i i® relatively 

compact in C ([0,r] ; {B (0,r))) for every r > 0. So, according to (3.20)i-(3.20)2, the sequence 
{vm}m=i strongly converges to v in C ([0, T]; (B (0, r))) . Then, by using (3.22) and (3.23) in 
(3.24) , we get 


limsup limsup / ||A(v™ (t) - Vl (<))llL 2 (B(o, 2 r)) + hrnt (i) “ (0 II L 2 (B(o, 2 r)) 

m—¥oo Z^oo J -* 

0 

< C4 (l + ^+ T||h|| 4 ^ 2 (R„\B(o_,.))^ ’ > 0 and Vr > ro. 

Step 3 (Estimates in R"): By using (3.22), (3.23) and the last estimate of the previous step, we 
obtain 

T 

limsup limsup / hlu™ {t) - vi (t)||^ 2 (R„) + ||umt (t) - u/t (f)|li 2 (Rn)j dt 


m—>-oo l- 


< C 4 ( 1 H- \- T \ 

r 


Il2(ir^ 


.\B(o.r))^ , VT > 0 and Vr > tq. 
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Passing to limit as r —>■ oo in the last inequality, we get 

T 


limsup limsup 

m—>-oo l—^oo 


||fm (i) (011/42 (Rn) + ll'l’mt (0 (0llL2(j{n) (it < C5, VT > 0. (3.25) 


Multiplying (3.21) by 2t{vmt — vit), integrating over (0,T) x R”, using integration by parts and 
considering (2.4), we find 

T IIA (v^ (T) - VI (T))||i.(R„) + T 111;™, (T) - vu + TX \\v^ (T) - vi (T)||i.(R„) 

T 

+2ao J J ^ 

0 Rn\B(0,r) 

T T T 

< j \\vmt (t)|li 2 (R„)(ii + J ||A(i;™(0-i;i( 0 )||^ 2 (R„)(ii + A J ||vm(i) - ?^i(t)|li 2 (R„) di 


1 

+2 [ [t[f{\\vi (Oil 

LP(R'>) )\vi{t,x)f %i(i;a;)-/(||i;™(OllLP(Rn))km(t,a;)|^ %™(t,a;)) 

0 R" 

X {Vmt (t, x) - Vit {t, x)) dxdt. (3.26) 

Multiplying (3.21) by trjr (v™ — vi), integrating over (0,r) x R" and using integration by parts, we 
get 

T 

T J {Vmt {T, x) - Vit {T, x)) ijr- {x) (v^ (T, x) - Vi (T, x)) dx- j J tr]r {x) {Vmt {t, x) - Vit (t, x))^ dxdt 


R” 


0 


1 

J j Tjr (x) {vmt (t, x) - Vit (t, a;)) (vm (t, x) - vi (t, x)) dxdt 


0 R" 


+ / t{A{Vmit,x) -Vl{t,x))) Tjr {x) dxdt 
0 R” 

T 

+2 EL / Vm (t, x) - Vl (t, x))) t (rjr (x))^. {Vm (t, x) - Vl {t, x))^. dxdt 


0 E^ 


1 

+ / / (A {Vm (t, x) - Vl (t, x))) iA {rir (x)) (Vm {t, x) - Vl (t, x)) dxdt 
0 R" 

+ Y J Ct{x) (Vm {T, x) - Vl (T, x))^ Tjr (x) dx 

E^ 

T T 

-i y j a (x) Tjr (x) (v™ (t, x) - w, (i, x))^ dxdt + ^ J J t (L a;) - v, (t, x))^ (x) dxdt 

0 E^ 0 E*^ 

T 

+ JJ (OIIlp(r-)) km(t,a;)|^"%™(i,x) -/(llxi (0 IIlp(r'*)) kOL a;)^"^ Vi(t, a;)) 


0 E^ 


xr]r (x) {vm x) — Vl (i, x)) dxdt = 0. 
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Then, considering (2.3), we obtain 


1 1 

/ / t {A (vm — vi (t^x)))^ r]r (x) dxdtX / / t {vm — vi rjr (x) dxdt 

0 0 

- J ^)) (^) ^)) 


+ trjr (x) {Vmt (t, x) - Vit (t, x))'^ dxdt 


0 E^ 


1 

J j dr (x) (Vmt (t, x) - Vlt {t, x)) (Vm {t, x) - Vl {t, x)) dxdt 


0 R" 
T 


-2 V" 

^i=l 


0 R" 


(A {Vm (t, x) - Vl (t, x))) t {r]r (x))^. (Vm (t, x) - Vl {t, x))^, dxdt 

/ / (A {vm {t, x) - Vl {t, x)))tA {rir (x)) (vm {t, x) - Vl (t, x)) dxdt 
0 R" 

T 

+ i J J a {x)r]r {x) (vm {t,x)-vi {t,x)f' dxdt 


0 E^ 


1 

j j ^ (/(Em (OllLP(Rn)) \Vm{t,x)\^~‘^Vm{t,x) - f {\\vi (t)Ep(Rn)) \viit, x)\^~‘^ Vl{t, x)j 


0 E^ 


xr]r (x) {vm x) — Vl (i, x)) dxdt^ VT > 0 and Vr > ro- 
Taking into acconnt (2.5) and (3.19) in the above inequality, we find 

T T 

/ t{A {vm ^) — Vl ^)))^ Vr (^) dxdt + A / t {vm (^, x) — Vl (^, Tjr (x) dxdt 

0 E^ 0 E^ 

< T (||v™t (T, x) - Vlt (T, T)||^2(Rn) + Em (T, x) - Vl (T, a;)||^2(R„)) 

T T 

+ / tr]r (x) (Vmt (t, x) - Vlt {t, x))^ dxdt Vr (x) {Vmt (t, x) - Vlt {t, x))^ dxdt 

0 E^ 0 E^ 

T T 

-\- [ [ Vr ((i^) {vm {t, x) - Vl {t, x)f dxdt + ^ [ [ a (x) 7]^ (x) {vm (t, a:) - Vl (t, x))^ dxdt 


where 


0 E^ 


0 E^ 

T '—' rn,l 

+ cg- \- Kr (T ), VT > 0 and Vr > ro, 

r 


' m,l 


Kr ' {T):= I q/(Ei(^)Ep(R")-/(Em(t)Ep(Rn)j / \viit,x)\^ ^ Vi{t, x)r]r {x) 

I 

X (Pm (t, x) — Vl (t, x)) dxdt, 


(3.27) 
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and considering (3.19) -(8.20)3, it is easy to see that 

' m,/ 


sup 

m,l 


Kr 


< 00 and lim limsup 

C[0,T] m-s-oo 


■ - m,l 

Kr (T) 


= 0, VT > 0. 


Now, multiplying (3.27) by <5 > 0 and adding to (3.26), we have 

r II A (Vm (T) — Vl (r))!! 2^2 (Rn) + T \\Vrat (T) — Vlt ( 7 ’)|| ^2(Rn) + TX \\Vm (T) — Vl (r)|| i2(Rn) 

T 

-|-2q;o J j t {Vmt {t) - Vlt {t) f dxdt 

0 R"\B(0,r) 

T T 

-bd / / t {A {vm {t,x) — Vl {t,x)))'^ Tjr (x) dxdt + 6 X / / t {vm {t,x) — Vl {t,x))‘^ r]r {x) dxdt 

OR" OR" 

T T T 

A J \\vmt (T) — Vlt {T')\\L^(Kn^ dt + J \\A[Vm{t) — Vl(t))\\j^ 2 (g^n-jdt + xJ \\Vm{t) — Vl{t)\\dt 

0 0 0 
T 

+2 J Jt[fi\\vi (t)|| 

L*>(R") )\vi{t,x)f Vl{t,x) - f{\\Vm{t)\\ BP(R")) km(t, 2^)1 Vm(t,x)^ 


0 R" 


X (vmt (t, x) - Vlt (t, x)) dxdt 

+ST (\\v„,t (T, x) - Vlt (T, a;)||^ 2 (R„) -b \\v^ (T, x) - vi (T, a;)||^ 2 (Rn) 


+d trjr (x) (vmt (t, x) - Vlt (t, x)) dxdt + 6 r]r (x) {vmt {t, x) - Vlt (t, x)) dxdt 


0 

T 


0 


+S I I rir (x) (Vm (t, x) - Vl {t, x)) dxdt + 2 / I o:ix)rir (x) {Vra (t, x) - Vl (t, x))^ dxdt 


0 R^ 


0 R^ 

T ' — 'm,l 

+ Cq5 - \-5Kr (T), VT > 0 and Vr > tq. 

r 


(3.28) 


Considering Lemma 3.2 in (3.28), for every 7 > 0, we get 

T IIA (!;,„ (T) - Vl (T))f^.(„„) + T\\v^t (T) - vu (T)||2.(j,„) + TX ||z;,„ (T) - vi (T)||^.(„„) 

T 

+2ao J J t {vmt (t) - Vlt {t) f dxdt 

0 R"\B(0,r) 


-\-S / / t {A{vm (tjx) — Vl (t^x))) 7]r (x) dxdtSX / / t {vm (tjx) — Vl (tjx)) r]r (x) dxdt 

0 R’^ 0 

T T T 

< J \\Vmt {t)-Vlt (t)|li2(R„)dt-b J ||A(v™(t) - Vi(t))||^2(R„)dt-b A J \\Vm{t)-Vl{t)\\l2(j^n)dt 

0 0 0 
T T 

-by J rTRr.\(B( 0 , 2 r)) (Vm (t) - Vl ( 0 ) dt + Cj j TRn\(B(o, 2 r)) {Vm (0 “ Vl (<)) dt 

0 0 
T 

+Cj J t (\\VaVmt (0||l2(R„) + \\Vavit (0||l2(Rn)) Eis.n\B( 0 , 2 r) {vm {t) - Vl (t)) dt + |t:;”’'(T)| 
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+ST (^\v^t {T,x) - vit (T,a;)||^ 2 (Rn) + \\vm {T,x) - vi (T,x^"‘^ 


+6 11 trjr (x) (Vmtit,x) - Vit it,x)f dxdt + d I I Vr {x) {Vmt (t, x) - Vlt {t, x))^ dxdt 


0 

T 


0 


+6 j j rir (x) (Vm (t, x) - Vi {t, x)f dxdt + - I I a {x)r]r (x) {vm (t, x) - Vi {t, x))^ dxdt 


0 R" 


0 R" 


,T 


+cqS - \-6Kr ’ (T), VT > 0 and Vr > tq. 


Then, for sufficiently small 7 and S, we obtain 


+c. 


1 

{Vm (T) - Vi (T)) < C 7 y Egn {Vm (t) - Vi (t)) dt 
0 
T 

. j t {^\y/dvmt W||i 2 (Rn) + WVaVlt (t)||i 2 (Rn)) -^Rn (t) - Vl (t)) dt 


+C7 ( - + (T)| + (T) 


VT > 0 and Vr > tq. 

Now, denoting y^ i (t) := tEgn [vm (f) — vi (t)), from the previous inequality, we have 

T 

Um^l i'E) — ^7 y ^ 11 's/^Xjnt 11 7^2 fRn^ “b 11 (t) 11 7^2 Um^l {t) dt 


+C 7 y Egn (vm (t) — Vl (t)) dt + C 7 (— + (r)| + Kj. (T) 


, VT > 0 and Vr > ro- 


Applying Gronwall inequality and considering (2.6) and (3.19) in the above inequality, we get 

TEgn (vm (T) - Vl (T)) 

T 

<C7 [ Egr. (vm it) - Vl (t)) dt + C7 f - + (7^)1 + (T) 


(Vm is) - Vl is)) ds+- + I a:™’' (t)| + Kr ’ (t) 
r ' ' 





/ ill, —' 

<C 7 TRn ivm it) -Vlit))dt + C 7 (- + \ ivr’ iT) I + Kr (T) 


i 1 

+C8 y TRn ivm it)-Vl it))dt y (jl^Vmt (0 11 l2(r„) + 11 it)\\ 


T 

H“C8 — 
r 


1 

+ ||yar/t it)\\ 

L2(R^)) 


0 
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+ C8 / ( W + Kr ’ (t) ) ( 


lL 2 (Rn) 


I Vavit (t) 


L 2 (Rr 


.) 


dt 


1 

< C7 (r)| + \Kr'' (T)|) + eg y {V^ (<) - VI {t)) dt + eg 


T 


+Cg / ( \K™'^ (t) + Kr (t) 


dt, Vr > 0 and Vr > rg. 


By using Lebesgue dominated convergence theorem and considering (3.25) in the last inequality, we 
obtain 

T 

limsup limsup TE^R-n (vm (T) — vi (T)) < cio(l H-), VT > 0 and Vr > rg. 

m—^oo l—^oo ^ 

By passing to limit as r —>■ oo in the above inequality, we find 

limsup limsup TE^n (vm (T) — vi (T)) < cig, VT > 0, 

m—^oo l—^oo 


which gives 

limsup limsup ||S'(r + 4^ - Tg)(/?fe^ - S{t + tk, - To)(pki\\HHR«)xmR’^) ^ > 0. 

m—>-oo 1^00 V 1 

Choosing T = Tg in the previous inequality, we have 

limsup limsup||S'(tfc„)v3fc„, - S{tki)^ki \\VTg > 0. 

m—yoo l—^cx) V ^0 

As a consequence, from the above sequential limit inequality, we get (3.18) which completes the 
proof. □ 

Now we are in a position to complete the proof of the Theorem 2.2. Since, by (2.3) and (2.6), 
problem (2.1)-(2.2) admits a strict Lyapunov function 

$ {u (t)) = Eur^ {u (t)) + -E (^||-« (t)llip(Rn)) - J h{x)u {t, x) dx, 

R" 

applying [6, Corollary 7.5.7], we obtain the claim of Theorem 2.2. 
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